In this paper, we consider the existence of solutions for nonlinear impulsive differential equations with Dirichlet boundary conditions. Infinitely many solutions are obtained by using a version of the symmetric mountain-pass theorem, and this sequence of solutions converge to zero. Some recent results are extended. MSC: 34B37; 35B38
Introduction
In this paper, we study the following nonlinear impulsive differential equations with In recent years, a great deal of works have been done in the study of the existence of solutions for impulsive boundary value problems, by which a number of chemotherapy, population dynamics, optimal control, ecology, industrial robotics and physics phenomena are described. For the general aspects of impulsive differential equations, we refer the reader to the classical monograph [] . For some general and recent works on the theory of impulsive differential equations, we refer the reader to [ On the other hand, in the last few years, many authors have used a variational method to study the existence and multiplicity of solutions for boundary value problems without impulsive effects [-]. For related basic information, we refer the reader to [, ] .
For a second order differential equation u = f (t, u, u ), one usually considers impulses in the position u and the velocity u . However, in the motion of spacecraft, one has to consider instantaneous impulses depending on the position that result in jump discontinuities in velocity, but with no change in the position [-].
A new approach via critical point and variational methods is proved to be very effective in studying the boundary problem for differential equations. For some general and recent works on the theory of critical point theory and variational methods, we refer the reader to [-].
More precisely, in [] the authors studied the following equations with Dirichlet boundary conditions: . In all the above-mentioned works, the information on the sequence of solutions was not given. Motivated by the fact above, the aim of this paper is to show the existence of infinitely many solutions for problem (.), and that there exists a sequence of infinitely many arbitrarily small solutions, converging to zero, by using a new version of the symmetric mountain-pass lemma due to Kajikiya [] . Our main results extend the existing study.
Throughout this paper, we assume that I j : R → R is continuous, and f (t, u) satisfies the following conditions:
. . , N ) are odd and satisfy
The main result of this paper is as follows. 
Preliminary lemmas
In this section, we first introduce some notations and some necessary definitions.
Definition . Let E be a Banach space and J : E → R. J is said to be sequentially weakly lower semi-continuous if
Definition . Let E be a real Banach space. For any sequence {u n } ⊂ E, if {J(u n )} is bounded and J (u n ) →  as n → ∞ possesses a convergent subsequence, then we say J satisfies the Palais-Smale condition (denoted by (PS) condition for short).
In the Sobolev space H   (, T), consider the inner product
It is a consequence of Poincaré's inequality that
Here, λ  = π  /T  is the first eigenvalue of the Dirichlet problem
In this paper, we will assume that inf t∈ [,T] a(t) = m > -λ  . We can also define the inner product
which induces the equivalent norm For u ∈ H  (, T), we have that u and u are both absolutely continuous, and u ∈ L  (, T),
, then u is absolutely continuous and u ∈ L  (, T). In this case, the one-side derivatives u (t 
Taking v ∈ H   (, T) and multiplying the two sides of the equality
by v and integrating between  and T, we have
Combining (.), we get
where 
Thus, the solutions of problem (.) are the corresponding critical points of J.
Lemma . If u ∈ H   (, T) is a weak solution of problem (.), then u is a classical solution of problem (.).
Proof Obviously, we have u() = u(T) =  since u ∈ H 
By the definition of weak derivative, the equality above implies that 
Combining this fact with (.), we get
Hence, u (t j ) = I j (u(t j )) for every j = , , . . . , N , and the impulsive condition in (.) is satisfied. This completes the proof.
Lemma . If ess inf t∈[,T] a(t) = m > -λ  , then the functional J is sequentially weakly lower semi-continuous.
Proof Let {u n } be a weakly convergent sequence to u in H
We have that {u n } converges uniformly to u on
This completes the proof. http://www.boundaryvalueproblems.com/content/2013/1/200
Under assumptions (H  ) and (H  ), we have
which means that for all ε > , there exist a(ε), b(ε) >  such that
Hence, for every positive constant k, we have
where c(ε) > .
Lemma . Suppose that (I  )-(I  ) and (H  )-(H  ) hold, then J(u) satisfies the (PS) condition.
Proof Let {u n } be a sequence in H   (, T) such that {J(u n )} is bounded and J (u n ) →  as n → ∞. First, we prove that {u n } is bounded. By (.), (.) and (.), one has
By condition (I  ), we can deduce that 
Thus, (.) and (.) imply that {u n } is bounded in H   (, T). Going if necessary to a subsequence, we can assume that there exists
as n → ∞. Hence,
as n → ∞. Moreover, one has
Therefore, u n -u →  as n → +∞. That is {u n } converges strongly to u in H   (, T). That is J satisfies the (PS) condition.
Existence of a sequence of arbitrarily small solutions
In this section, we prove the existence of infinitely many solutions of (.), which tend to zero. Let X be a Banach space and denote := A ⊂ X \ {} : A is closed in X and symmetric with respect to the orgin . Let P(t) = At  -Bt p -C. As P(s) attains a local but not a global minimum (P is not bounded below), we have to perform some sort of truncation. To this end, let R  , R  be such that m < R  < M < R  , where m is the local minimum of P(s), and M is the local maximum and P(R  ) > P(m). For these values R  and R  , we can choose a smooth function χ(t) defined as follows
Then it is easy to see χ(t) ∈ [, ] and χ(t) is C ∞ . Let ϕ(u) = χ( u ) and consider the perturbation of J(u):
where P(t) = At  -Bχ(t)t p -C and
From the arguments above, we have the following. 
Lemma . Let G(u) is defined as in (.). Then

